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could possibly identify such blocks if their fitnesses are interdependent in this manner. It 
seems to be a contradiction that a problem can have identifiable sub-parts when these sub-
parts are strongly and non-linearly dependent on one another.  
This is likely the reason why issues of epistatic linkage have largely been overshadowed in the 
GA literature by problems of difficult genetic linkage.
2 However, previous work (Watson et al 
1998, Watson & Pollack 1999a) identified the class of hierarchically decomposable problems 
which show that it is possible to define a problem with strong epistatic linkage, (i.e. where the 
building-blocks are not separable), and yet the blocks can still be discovered and recombined. 
The canonical example of this problem class, which we call Hierarchical-if-and-only-if (H-
IFF), defeats the mutation-based hill-climbing algorithms that solve separable problems. But 
the GA is able to solve this problem with ordinary two-point crossover. Since this problem is 
designed to be hard in mutation space but easy in recombination space it provides an 
appropriate problem for our analyses. 
A non-separable building-block problem such as H-IFF is not amenable to analytic 
approaches usually adopted in the literature. Firstly, it is not possible to apply any analysis 
that assumes that the population as a whole converges incrementally on particular 
hyperplanes. In H-IFF the operation of recombination may be defeated if the population is 
allowed to converge at even one locus. Secondly, most analyses assume separable problems, 
and, surprisingly often, focus on the extreme case where every bit is separable – the max-ones 
problem. However, Wright and Zhao (1999) provide an approach to analysis that, although 
directed at separable building-block problems, can be adapted for our purposes. Their 
approach is to prove that there is always a way to improve fitness, and then to give a solution 
time based on the product of the length of the path to the solution, and the time for each step 
on the path. Here we extend this work to use the same approach for a non-separable problem. 
The remainder of this paper is organized as follows: Section 2 describes the analysis of 
Wright & Zhao. We provide a variation of their model that will be easy to adapt to our needs, 
and describe the Gene Invariant GA (GIGA) on which both their and our analyses are based. 
Section 3 describes the problem, H-IFF, that we will analyse, and discusses some of its 
properties. Section 4.1 proves several theorems for the expected time to find a global optimum 
in H-IFF using a ‘recombinative hill-climber’ based on GIGA with a population of two. Our 
analyses are possible because of particular symmetries in the problem that match properties of 
GIGA, but the principle behind the operation of recombination is more general. In Section 4.2, 
we then discuss a variant of H-IFF that is not solvable by the recombinative hill-climber but is 
solvable by a GA using a real population. Our proofs for solution time cannot be transferred to 
the population case directly, but we can give an estimate of solution time based on 
assumptions about the state of the population. These assumptions are somewhat heavy-handed 
but experimental results in Section 5 support our analytic results, and suggest that the GA is 
using the recombinative landscape effectively. Section 6 concludes.  
                                                             
2   The exception here is Kauffman’s ‘N-K landscapes’ which explicitly model epistatic 
linkage. However this class of problem does not exhibit a building-block structure, has not 
been demonstrated to be GA-easy, and is difficult to analyse. 